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Introduction



The filtering problem

State space

e What is S if we know O7?
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The filtering problem

State space

e What is P(S;, | O1.1)?
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The filtering problem

State space

1 2 ) 4 9 6 7 8 9
t
e The filtering density p;, satisfies, for B C R?

P(Sy, € B | Op) = / po. (2 | Or) da
B
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The filtering problem

State space

e Goal: Find the density py,

(S, € B | Ors) = / ol | @) s
B
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The filtering problem

State space

e Goal: Find the density py,
P(Sh € B O1x) = [ pu(o | Or)do
B
Nonlinear dynamics: Particle filters (PF)  ~ O(n¢), S; € R?
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The filtering problem

State space

e Rephrased Goal: Find p; without the curse of dimensionality
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Setting



Prediction - Filtering - Smoothing

Prediction: P(S;, | O1)

O, O3 Ok -1 Ok

High-dimensional Bayesian filtering through deep density approximation: K. Bagmark 4/22



Prediction - Filtering - Smoot

Filtering: P(S., | O1.2)

)

Sto St1 St3 e St}( 1

mm o [
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Prediction - Filtering - Smoot

Smoothing: P(S;, | O1.x)

)

Sto St1 /SD e St}( 1
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Continuous-discrete setting

S solves the d-dimensional Stochastic Differential Equation (SDE)
t t
Sy =S —i—/ wu(Ss)ds —|—/ o(Ss)dBs, t€]0,T].
0 0

Infinitesimal generator A, with a := oo ", given by

d 2)(x d z

1,5=1
e Measurement model:

Or=h(Sy,)+ U, k=1,... K,

where h: R — R and U, ~ N(0, Ry,).
e Goal: Find p(S;, | O1) fork=1,..., K.
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PDE formulation




Density equations:

e Unconditional: The (unconditional) density p(t) = p(S;),
solves the Fokker—Planck equation (PDE)

p(t) = p(0) + / A*p(s)ds, te(0,T]

e Filtering (conditional): The (unnormalized) filtering density
Pr(tr) o< p(St, | O1.x) satisfies

(Prior)  po(0) = p(So)

®
(Prediction) pk(t) = gr + /+ A*pk(s) ds, te (tk,tk;Jrl]
12

p(Ok ’ Stk)pkfl(tk% k Z 17

gk =
o(0), k=0.
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Feynman—Kac representations




Backward Kolmogorov

Define f such that for ¢ € D(A*) we have
A" — Ap = f(p, Vo).
Then for q(t) = pr(tx + tg+1 —t), t € [tg, tx+1] it holds
() + Aq(t) = —f(q(t), Vq(t)), 1t € [tr, trsal,

q(tes1) = gr-

&q

Let X be an auxiliary process with the generator A,

t t
X :Xo—l-/ IU,(XS) d8+/ U(X.;) dWs, Xg ~ po.
0 0

By Feynman—Kac formulas we derive two optimization schemes:
e Deep Splitting e Deep Backward SDE
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Deep Splitting




Deep splitting

Feynman—Kac on a time partition ¢, =t 0 < - <1l N = tr41,
recursively defined forn=0,1..., N —1

t L,
Pi(tknt1, T) = E[Pk(tkm’ t:fmi)

tk,nt1 PR oo
+ / f(pk(sv Xt::n*_l-&-tk,n—s)? Vi (s, th]:,’n+1+tk,n_5)) ds]
t

k,n

where for t € [ty n, th nt1]

t t
Xttk’mx _ I'+/t M(sz’,mx) d8+/ O_(szmux) dWS

k,n tk,n
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Deep splitting

Feynman—Kac on a time partition t, = tg < --- <ty = tr41,
recursively defined forn =0,1..., N —1

Ph{tat1,) = E |pr(tn, XE.,,)

tn+l
+ /t f(pk(S, thn+1+tn—5)7 ka(S’ XZL+1+1577,—8)) ds}

where for t € [ty,, tn41]

t t
X == +/ w(X¥)ds + / o(XIT) dW,
tn ln
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Deep splitting

Feynman—Kac on a time partition t =ty < --- <ty = tgr1,
recursively defined forn=0,1...,N —1

Phltt1,) ~ B |paltn, X7.,,)

o+ (orln, XE), V(s XE,,) A

where for t € [ty tn41]

t t
X7 ::1:+/ ,u(Xg")ds+/ o(XY)dW,
tn tTL
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Deep splitting

Feynman—Kac on a time partition {, =ty < -+ < tny = tr41,
recursively defined forn=0,1..., N —1

Ph(tat1,) ~ E | pi(tn, Xiy1)
o+ (prltns X211), Vi(tn, X241)) ]
where

A1 = @+ p(A7) At + 0 (X7)(We oy — W)

n
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Deep splitting

Feynman—Kac on a time partition {;, = tp < --- <ty = tr41,
recursively defined forn=0,1..., N —1

7—k n+1 = arg min E|:‘¢ - (%km(;{njtl)
deC(R%R)

2
+ f (ﬁk,n,()(n—&—l)a VWk,n< 11+1)>At) ‘ :|
where

Xn+1 - Xn + lu“( )At + J( )(II fn+l V[/tn)
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Deep splitting

Feynman—Kac on a time partition &, =ty < -+ <ty = tr41,
recursively defined forn=0,1..., N —1

Thkntl =  argmin E[’cf)(?\fm O1.x) — (Wk,n(?fnﬂ, O1.i)
$EC(RIXR xk:R)

2
+ f(ﬂk,n(XnJrla Ol:k’)7 Vﬂ-k,n(-XnJrla Olk))At) ‘ :|
where

X7L+1 =X, + M(Xn)At + O'(XH)(Wt = th)

n—+1
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Deep Backward SDE




Deep Backward SDE

Nonlinear Feynman—Kac:

tet+1
Pi(thsr,z) = E [gk<xz;+l> =[xy, 2) ds],
2%

where (X,Y, Z), with t € [ty, tg41], satisfies

t t
ngf:x+/ M(Xf)ds—i—/ o(XT)dWW,,

tr tr

tet1 ‘ tet1 —
n:gk(Xi+1»01:k)+/ f(Xsl,Ys,Zs)ds—/ Z, dWs.
t t
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Deep Backward SDE

Nonlinear Feynman—Kac:

2
Pr = arg min E HY;EZTIM - gk(th+1 ’ Olk)‘ }
7L€C([tk,tk+1}XRdXRd,Xk;R)

where (X,Y, Z), with t € [t,tr11], satisfies

¢ ¢
Xf:l’—l-/ u(Xf)ds—k/ o(X7)dWs,
¢

k ty

tot+1
Y= X0+ [ FXEYaZ)ds— [ 2] aw.,
t t
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Deep Backward SDE

Nonlinear Feynman—Kac:

_ 2
3 u,o
Dk arg min HYMLM — (Ko, Olk)‘ }
uEC [tk tr+1] xREXRY XFR)

where (X,Y, Z), with t € [t, tr11], satisfies

t t
X=Xy, +/ w(Xs)ds +/ o(Xs) dWs,
t th
t t
Y, =ty Xo) — | f(Xs,Ys, Zs)ds+/ 2T aw,

th th

= VU(t, Xt)
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Deep Backward SDE

Nonlinear Feynman—Kac:

2
DL = arg min HY;I:TI k) _ gk (X1, O k)’ }

u€C ([th,try1] xRIXRY Xk R)

where (X, ), Z), with n =0,..., N — 1, satisfies

Xk’,,n—o—l = Xk’n + M(Xk7,77,)(tk,n+1 - tk‘,,n,) + O-(Xn)(w/tky‘,wl - Wtk,n)
t t
Y; = u(ty, X)) — f(Xs,Y;,Zs>ds+/ 77 aw.,

tr tr

= VU(t, Xt)
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Deep Backward SDE

Nonlinear Feynman—Kac:

2
PE = arg min EH)@&U’OL’“) — g1 (X1 Ol:k)’ }
w€C ([t try1] X RIXRY Xk R) '+1

where (X, Y, Z), with n=0,..., N — 1, satisfies

Xk:,n,+1 = Xk’n + M(Xk,n)(tlf,n—&—l - tk‘,,n,) + O-(X7l)(Wtk»‘n+1 - Wtk‘,n,)

n

Vint1 = u(te, Xio) — Z F( Xty Vieor Zep) At
=0

n

+ Z ZIIE(Wtk.éH - IVtkj)
£=0

Zkﬂg = V?L(fhh Xk/).
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Deep Backward SDE

Nonlinear Feynman—Kac:

2
Dk ~ arg min EHMJ,N — 9k ( Xk N, Ol:k)‘ }
UEC([tkvtk+1]XRdXRd,Xk;R)

where (X, Y, Z), with n=0,..., N — 1, satisfies

Xk:,n,+1 = Xk’n + M(Xk,n)(tlf,n—&—l - tk‘,,n,) + O-(X7l)(Wtk»‘n+1 - Wtk.),,,)

n

Vint1 = u(te, Xio) — Z F( Xty Vieor Zep) At
=0

n

+ Z ZIIE(Wtk.éH - IVtkj)
£=0

Zkﬂg = V?L(fhh Xk/).
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Deep Backward SDE

Nonlinear Feynman—Kac:

2
Ty = arg min EHyk,N _gk(Xk,NyOlzk)‘ }
wG(‘(R”xR"/X‘ R)
()N 25 LeO(RIxRY ¥k, RN

where (X, Y, Z), with n =0,..., N — 1, satisfies

Xint1 = X + M(Xk n)(tk n+1 — tk n) + o(X, )(Wtk,n+1 - Wtk,n)

Vi1 = w(Xkp) Zf Xy Vrts Z10) At
=0

n
+ Z Z;E(Wtk,zﬂ - Wtk,()
(=0
Zio = ve(Xiyp).
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Numerical experiments




Moment errors

First Moment Error (FME) ~ Mean Absolute Error (MAE)

MAE (m}ef
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Tons of abbreviations ending with " F”

BSDEF - deep Backward SDE Filter

e DSF - Deep Splitting Filter
LogBSDEF and LogDSF - log versions
e EKF - Extended Kalman Filter

EnKF - Ensemble Kalman Filter

PF - bootstrap Particle Filter

High-dimensional Bayesian filtering through deep density approximation: K. Bagmark 14/22



Toy example

Ornstein—Uhlenbeck Bistable
Our
0 | 'd
0.08% 2% 1 BSDEF
L 0.06% , —=— DSF
<§f 0.04% - 1% <A+ —— LogBSDEF
T 0.02% | —=— LogDSF
0% - 0% - -~ EKF
I e —— EnKF 10°
0.2 0406 08 1 .. 5
0.06 - -+- PF 10
0.001 - | <l \_..._ PF 10
A 0.04 44~ Classical
] g
0.0005 /
< 0.02 //_‘“*
0= I I I I 0 "‘é—_—#ﬁ_‘;
0.2 04 06 08 1 0.2 04 06 0.8 1

t
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Linear spring-mass - model

Let the state .S be split into position P and velocity V' so that
t t
P, = P0+/ Vsds+/ o dBY
0 0
t t
Vi=Vo+ [ (AuP+ AnVi)ds+ [ oaB®
0 0

where Aoy and Ags are stiffness and damping matrices with
uniform sampled parameters, and we have partial observations:

Or =Py, +nme, M~ N(O,R)

m O ma e 0

(PI,VI) (PQ,VQ) (anvn)
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Linear spring-mass - results

LSM 10D LSM 100D
40% - Our
w 2% ( )
< 20% —e— LogBSDEF
2 1% - 0 (—=— LogDSF
v (- +- EnKF 10°
0% L 0% t=—#-----e--o--fl .. PF 104
0.2 04 06 0.8 1|——PF 10
| | | | L L )
AL ¢ L i | 4 Classical
087 ; 004 -
A 0.6
< 0.4 - 200
0.2 1 100 - i
0 0 —r==p=—=—
0.2 04 06 08 1 0.2 0406 08 1
t
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Lorenz-96 - model

d$i (t)
dt

= (@it1(t) — zi2()) i1 (t) —@s(t) + F, i=1,....d
where xg = x4 and x_1 = z4_1

We consider an SDE extension with additive noise given by
o(x) =0l

Let d = [4, 10,20, 40, 100] and consider partial observations in
d =1[4,5,5, 10, 25]-dimensions through the measurement function

Zi, (da d/) = (474)7
(h(x)), = Toi, (d,d') = (10,5), (1)
ry, (d,d) = (20,5), (40,10), (100,25).

High-dimensional Bayesian filtering through deep density approximation: K. Bigmark 18/22



Lorenz-96 - results

NLL
1,000 4
100 5 100 -
10 -
1 | T T T T T 10 T T T T T
4 10 20 40 100 410 20 40 100
d d
(= LogBSDEF—— EnKF 10° —— PF 109--- O(d"/2) —— O(d)
Our Classical
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Computational inference time

Estimation Time Density Calc. Time

1,000 f”—‘\/‘/

100 ———_‘__-=

0P e

1 Hreegrnfeneendee ™™

0.1 f—._/__./

\.. I I I I I I 001 7\ I I I I I I
1 2 4 10 20 40 100 1 2 4 10 20 40 100

d d

—e—BSDEF |-G |- +- EnKF 10° -+ PF 10 ——PF 10°
Our Classical

[ BSDEF LEKF][-«- EnKF 104 —— EnKF 106 - - PF 10°
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Trade-off including training time

Bistable Lorenz-96 (100D)
107 107
° *—o
o 2
o 10* 1 10%
E
|_
10! 10!
1 10 10% 103 10* 10° 1 10 10% 103 10* 10°
Processed observations Processed observations

[ —e— LogBSDEF - &- LogDSF][—O— EnKF 106-4- PF 106 J

Our Classical
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What did we learn?

e The deep BSDE approach outperforms the splitting method
e Solving the log-density Fokker—Planck improves performance

e Satisfactory performance for nonlinear and high-dimensional
problems without curse of dimensionality

Outlook: See the paper

O a0

e Parameter inference, introduce a

probability measure over a set © of
parameters modelling u, o, h, po

e Explore other architectures
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