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Introduction



The filtering problem
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• What is S if we know O?

• Goal: Find the density ptk

Nonlinear dynamics: Particle filters (PF) → O(nd), St ↑ Rd

• Rephrased Goal: Find pt without the curse of dimensionality
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The filtering problem
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• The filtering density ptk satisfies, for B ↓ Rd

P(Stk ↑ B | O1:k) =

∫

B
ptk(x | O1:k) dx

• Goal: Find the density ptk

Nonlinear dynamics: Particle filters (PF) → O(nd), St ↑ Rd

• Rephrased Goal: Find pt without the curse of dimensionality
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Setting



Prediction - Filtering - Smoothing

Prediction: P(St2 | O1)

St2 · · ·St0 St1 St3 · · · StK→1 StK

O1 · · ·O2 O3 · · · OK→1 OK
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Prediction - Filtering - Smoothing

Filtering: P(St2 | O1:2)

St2 · · ·St0 St1 St3 · · · StK→1 StK

O1 O2 · · ·O3 · · · OK→1 OK
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Prediction - Filtering - Smoothing

Smoothing: P(St2 | O1:K)

St2 · · ·St0 St1 St3 · · · StK→1 StK

O1 O2 O3 · · · OK→1 OK· · ·
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Continuous-discrete setting

S solves the d-dimensional Stochastic Di!erential Equation (SDE)

St = S0 +

∫ t

0
µ(Ss) ds+

∫ t

0
ω(Ss) dBs, t ↑ [0, T ].

Infinitesimal generator A, with a := ωω
→, given by

(Aε)(x) =
1

2

d∑

i,j=1

aij(x)
ϑ
2
ε(x)

ϑxiϑxj
+

d∑

i=1

µi(x)
ϑε(x)

ϑxi

• Measurement model:

Ok = h(Stk) + Uk, k = 1, . . . ,K,

where h : Rd ↔ Rd↑ and Uk → N (0, Rk).

• Goal: Find p(Stk | O1:k) for k = 1, . . . ,K.
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PDE formulation



Density equations:

• Unconditional: The (unconditional) density ϖ(t) = p(St),

solves the Fokker–Planck equation (PDE)

ϖ(t) = ϖ(0) +

∫ t

0
A

↑
ϖ(s) ds, t ↑ (0, T ]

• Filtering (conditional): The (unnormalized) filtering density

pk(tk) ↗ p(Stk | O1:k) satisfies

(Prior) p0(0) = p(S0)

(Prediction) pk(t) = gk +

∫ t

t+k

A
↑
pk(s) ds, t ↑ (tk, tk+1]

(Update) gk =





p(Ok | Stk)pk↓1(tk), k ↘ 1,

p0(0), k = 0.
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Feynman–Kac representations



Backward Kolmogorov

Define f such that for ε ↑ D(A↑) we have

A
↑
ε≃Aε = f(ε,⇐ε).

Then for q(t) = pk(tk + tk+1 ≃ t), t ↑ [tk, tk+1] it holds

ϑ

ϑt
q(t) +Aq(t) = ≃f(q(t),⇐q(t)), t ↑ [tk, tk+1],

q(tk+1) = gk.

Let X be an auxiliary process with the generator A,

Xt = X0 +

∫ t

0
µ(Xs) ds+

∫ t

0
ω(Xs) dWs, X0 → p0.

By Feynman–Kac formulas we derive two optimization schemes:

• Deep Splitting • Deep Backward SDE
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Deep Splitting



Deep splitting

Feynman–Kac on a time partition tk = tk,0 < · · · < tk,N = tk+1,

recursively defined for n = 0, 1 . . . , N ≃ 1

pk(tk,n+1, x) = E
[
pk(tk,n, X

tk,n,x
tk,nn+1

)

+

∫ tk,n+1

tk,n

f
(
pk(s,X

tk,n,x
tk,n+1+tk,n↓s),⇐pk(s,X

tk,n,x
tk,n+1+tk,n↓s)

)
ds

]

where for t ↑ [tk,n, tk,n+1]

X
tk,n,x
t = x+

∫ t

tk,n

µ(X
tk,n,x
s ) ds+

∫ t

tk,n

ω(X
tk,n,x
s ) dWs
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Deep splitting

Feynman–Kac on a time partition tk = t0 < · · · < tN = tk+1,

recursively defined for n = 0, 1 . . . , N ≃ 1

pk(tn+1, x) = E
[
pk(tn, X

x
tn+1

)

+

∫ tn+1

tn

f
(
pk(s,X

x
tn+1+tn↓s),⇐pk(s,X

x
tn+1+tn↓s)

)
ds

]

where for t ↑ [tn, tn+1]

X
x
t = x+

∫ t

tn

µ(Xx
s ) ds+

∫ t

tn

ω(Xtn,x
s ) dWs
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x
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x
tn+1
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x
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)
)
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Deep splitting

Feynman–Kac on a time partition tk = t0 < · · · < tN = tk+1,

recursively defined for n = 0, 1 . . . , N ≃ 1

pk(tn+1, x) ⇒ E
[
pk(tn,X x

n+1)

+ f
(
pk(tn,X x

n+1),⇐pk(tn,X x
n+1)

)
!t

]

where

X x
n+1 = x+ µ(X x

n )!t+ ω(X x
n )(Wtn+1 ≃Wtn)

High-dimensional Bayesian filtering through deep density approximation: K. Bågmark 10/22



Deep splitting

Feynman–Kac on a time partition tk = t0 < · · · < tN = tk+1,

recursively defined for n = 0, 1 . . . , N ≃ 1

ϱk,n+1 = argmin
ω↔C(Rd;R)

E
[∣∣∣ς(Xn)≃

(
ϱk,n(Xn+1)

+ f
(
ϱk,n(Xn+1),⇐ϱk,n(Xn+1)

)
!t

)∣∣∣
2
]

where

Xn+1 = Xn + µ(Xn)!t+ ω(Xn)(Wtn+1 ≃Wtn)
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Deep splitting

Feynman–Kac on a time partition tk = t0 < · · · < tN = tk+1,

recursively defined for n = 0, 1 . . . , N ≃ 1

ϱk,n+1 = argmin
ω↔C(Rd↗Rd↑↓k;R)

E
[∣∣∣ς(Xn, O1:k)≃

(
ϱk,n(Xn+1, O1:k)

+ f
(
ϱk,n(Xn+1, O1:k),⇐ϱk,n(Xn+1, O1:k)

)
!t

)∣∣∣
2
]
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Deep Backward SDE



Deep Backward SDE

Nonlinear Feynman–Kac:

pk(tk+1, x) = E
[
gk(X

x
tk+1

) +

∫ tk+1

tk

f(Xx
s , Ys, Zs) ds

]
,

where (X,Y, Z), with t ↑ [tk, tk+1], satisfies

X
x
t = x+

∫ t

tk

µ(Xx
s ) ds+

∫ t

tk

ω(Xx
s ) dWs,

Yt = gk(X
x
tk+1

, o1:k) +

∫ tk+1

t
f(Xx

s , Ys, Zs) ds≃
∫ tk+1

t
Z

→
s dWs.
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Deep Backward SDE

Nonlinear Feynman–Kac:
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Deep Backward SDE

Nonlinear Feynman–Kac:

pk = argmin
u↔C([tk,tk+1]↗Rd↗Rd↑↓k;R)

E
[∣∣∣Y (u,o1:k)

tk+1
≃ gk(Xtk+1 , O1:k)

∣∣∣
2]

where (X,Y, Z), with t ↑ [tk, tk+1], satisfies

Xt = Xtk +

∫ t

tk

µ(Xs) ds+

∫ t

tk

ω(Xs) dWs,

Yt = u(tk, Xtk)≃
∫ t

tk

f(Xs, Ys, Zs) ds+

∫ t

tk

Z
→
s dWs,

Zt = ⇐u(t,Xt).
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Deep Backward SDE

Nonlinear Feynman–Kac:
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ε=0

f
(
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)
!t
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Deep Backward SDE

Nonlinear Feynman–Kac:

pk ⇒ argmin
u↔C([tk,tk+1]↗Rd↗Rd↑↓k;R)

E
[∣∣∣Yk,N ≃ gk(Xk,N , O1:k)

∣∣∣
2]

where (X ,Y ,Z), with n = 0, . . . , N ≃ 1, satisfies

Xk,n+1 = Xk,n + µ(Xk,n)(tk,n+1 ≃ tk,n) + ω(Xn)(Wtk,n+1 ≃Wtk,n)

Yk,n+1 = u(tk,Xk,0)≃
n∑

ε=0

f
(
Xk,ε,Yk,ε,Zk,ε

)
!t

+
n∑

ε=0

Z→
k,ε(Wtk,ω+1 ≃Wtk,ω)

Zk,ε = ⇐u(tk,ε,Xk,ε).

High-dimensional Bayesian filtering through deep density approximation: K. Bågmark 11/22



Deep Backward SDE

Nonlinear Feynman–Kac:

ϱk = argmin
w↔C(Rd↗Rd↑↓k;R)

(vn)
N→1
n=0 ↔C(Rd↗Rd↑↓k;Rd)N

E
[∣∣∣Yk,N ≃ gk(Xk,N , O1:k)

∣∣∣
2]

where (X ,Y ,Z), with n = 0, . . . , N ≃ 1, satisfies

Xk,n+1 = Xk,n + µ(Xk,n)(tk,n+1 ≃ tk,n) + ω(Xn)(Wtk,n+1 ≃Wtk,n)

Yk,n+1 = w(Xk,0)≃
n∑

ε=0

f
(
Xk,ε,Yk,ε,Zk,ε

)
!t

+
n∑

ε=0

Z→
k,ε(Wtk,ω+1 ≃Wtk,ω)

Zk,ε = vε(Xk,ε).
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Numerical experiments



Moment errors

t

St

m
ref
t

m̂t

MAE(mref
t )

FME

MAE(m̂t)

First Moment Error (FME) Mean Absolute Error (MAE)
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Tons of abbreviations ending with ”F”

• BSDEF - deep Backward SDE Filter

• DSF - Deep Splitting Filter

• LogBSDEF and LogDSF - log versions

• EKF - Extended Kalman Filter

• EnKF - Ensemble Kalman Filter

• PF - bootstrap Particle Filter
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Toy example

0.2 0.4 0.6 0.8 1

0%

0.02%

0.04%

0.06%

0.08%

rM
A
E

Ornstein–Uhlenbeck

0.2 0.4 0.6 0.8 1

0%

1%

2%

Bistable

0.2 0.4 0.6 0.8 1
0

0.0005

0.001

t

K
L
D

0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

t

BSDEF
DSF
LogBSDEF
LogDSF
EKF

EnKF 106

PF 105

PF 106

Our

Classical

High-dimensional Bayesian filtering through deep density approximation: K. Bågmark 15/22



Linear spring-mass - model

Let the state S be split into position P and velocity V so that

Pt = P0 +

∫ t

0
Vs ds+

∫ t

0
ω dB(1)

s

Vt = V0 +

∫ t

0
(A21Ps +A22Vs) ds+

∫ t

0
ω dB(2)

s

where A21 and A22 are sti!ness and damping matrices with

uniform sampled parameters, and we have partial observations:

Ok = Ptk + φk, φk → N(0, R)

m1 m2 mn· · ·

(P 1
, V

1) (P 2
, V

2) (Pn
, V

n)
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Linear spring-mass - results
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Lorenz-96 - model

dxi(t)

dt
= (xi+1(t)≃ xi↓2(t))xi↓1(t)≃ xi(t) + F, i = 1, . . . , d

where x0 = xd and x↓1 = xd↓1

We consider an SDE extension with additive noise given by

ω(x) = ωI

Let d = [4, 10, 20, 40, 100] and consider partial observations in

d
↘ = [4, 5, 5, 10, 25]-dimensions through the measurement function

(
h(x)

)
i
=






xi, (d, d↘) = (4, 4),

x2i, (d, d↘) = (10, 5),

x4i, (d, d↘) = (20, 5), (40, 10), (100, 25).

(1)
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Lorenz-96 - results
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Computational inference time
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Trade-o! including training time
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What did we learn?

• The deep BSDE approach outperforms the splitting method

• Solving the log-density Fokker–Planck improves performance

• Satisfactory performance for nonlinear and high-dimensional

problems without curse of dimensionality

Outlook:

• Parameter inference, introduce a

probability measure over a set ” of

parameters modelling µ,ω, h, p0

• Explore other architectures

See the paper
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