Revisiting nonlinear filtering through deep
BSDE methods:

Joint work with Adam Andersson, Stig Larsson, & Filip Rydin

Center for Dynamics and Computation, Vrije Universiteit, Amsterdam
Kasper Bagmark

October 16, 2025

Chalmers University of Technology and University of Gothenburg,
Department of Mathematical Sciences

2 NAN\S O | i oo
cHALMERS A VERSITY OF AND SOFTWARE PROGRAM







Summary

e N s N e
State and observation PDE formulation BSDE formulation
[ ] N
« Uncondina: The (ncndiion)dnsiy i et i 2 slen (57,2
the Fokker-Planck equation (PDE)
3 Xe= o+ [ s0yas [ atxaw
3 d ] d Yom i) [ 01 i~ [ 20
« Fitrng (conditonal: Th (smormafzed) itring densty :
7 Py % p(S, | O satisfies ‘ 7]
o Whatis § if e know O7 (Predicton) x =
e -z
Supg. k>
=0 1
& J L J S ) . J
s N e N
Results

Deep BSD‘E method ) Convergence

)

g & Suongleroat final imel e Linear equation with analytical solution given by the Kalman fiter
KLD over time

€)= [pxltr) — 7 <on FME over time

Omstein-Unlenbeck Bistable

h

&
)
(=)
)

Revisiting nonlinear filtering through deep BSDE methods K. Bagmark 3/26



Introduction



The filtering problem

State space

e Goal: Find the density py,

(S, € B | Org) = / il | @)l
B
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Contributed method

e Learns the map O1.x — p(Sk | O1.1)
e Assumes known SDE coefficients and measurement model
e PDE based method, scalable in dimension of S

e No spatial discretization required
e Numerically stable for toy example in 100 dimensions

e Convergence

e Strong convergence in the probabilistic representation
e Convergence order empirically verified
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Setting




The filtering problem

Goal: find p(S; | Og.s)
e Prediction: s <t
e Filtering: s =t
e Smoothing: s >t

time !
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Continuous state

S solves the Stochastic Differential Equation (SDE)
t t
St = So —|—/ M(Ss)ds+/ 0(Ss)dBs, te€]0,T].
0 0

Infinitesimal generator A

where a := oo
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Example: Ornstein—Uhlenbeck process (linear SDE)

t
St:So—/(Ss—lo)derBt, t e 0,7,
0

SONPOZN(O’l)

8 10 12

State (St)tefo, 1] Distribution p(St)
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Example: Bistable process (nonlinear SDE)

t
St:So+/(5SS—S§’)ds+Bt, £ [0,T],
0

So ~ po = N(0,1)

State (St)te(o, 1] Distribution p(St)
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Discrete observations

e Measurement model:
OkZh(Stk)—l—Uk, k=1,....K,

where h: R — R? and Uj, ~ N(0, Ry,).

e Goal: Find p(S;, | O1) for k=1,... K.
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Classical methods




Linear and Gaussian case

Exact solutions:

e Prediction and filtering:
The Kalman filter (Kalman—Bucy 1960)

e Smoothing:
Rauch—Tung—Striebel smoother (1965)
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Nonlinear case

Approximations:

e Approximative Kalman filter (Extended, Unscented, Ensemble)

e Particle filters (sequential Monte Carlo)

Revisiting nonlinear filtering through deep BSDE methods K. Bigmark 12/26



PDE formulation




Density equations:

e Unconditional: The (unconditional) density p; = p(S;), solves
the Fokker—Planck equation (PDE)

®
Pt = po +/ A*psds, te€(0,T]
0

e Filtering (conditional): The (unnormalized) filtering density
P, X p(St, | O1.x) satisfies

(Prior) po = p(So)

(Prediction) p; = gx + /+ A*psds, t € (tg,try1]
tk

p(Oy | Stk)pfy k>1,
Ik = k
Po, k=0.
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BSDE approach - brief outline




Backward SDE formulation

Define f, for ¢ € C*(R%;R), by

(A"¢)(z) — (Ap)(z) = f(2,p(2),0(2) Ve(z)), =eR™
We fix k € {0,..., K} and assume there exists a solution (X,Y, Z) on
t e [tk, thrﬂ

G t
Xf :th +/ ‘U,(Xg)dS‘i‘/ O'(XS) de,
tk’ " - . (1)
+1 k+1 T
Y, :gk(xt,v+1,olik)+/ f(Xs,Ys,Zs)ds—/ ZT aw.
t t

Then we have

Pk (t, X&+1+tk7m Olzk) = Yik,+1+tk,—t (2)
O'(th+1+tkft)—rvpk(tuth+1+tk*t701¢k) = Ztyqr+tr—t (3)

and hence
Pr(tet1, , 01:6) = E[Ytk \ Xy, = ﬂ (4)
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Continuous optimization formulation

The solution p is the solution to the following minimization problem
min E[

2]
wEC [ty gy 1] xR XRI Xk R)

Y;(U,DLU = u(t7Xt3012k)7 ZEUVOL}C) = O—(Xt)—rvu(tv Xt7011k)

y (w01:k)

tr41

— 9k (th+1 ,01:%)

t t
X = X, —|—/ /L(Xs)dS-F/ o(Xs)dWs, t € [tr, trs1],

ty tr

t
Yi(uym:k) _ Y;(ku-,tn:k) _ / f(XS7Yg(u,01:k>72£u»01:k))ds
ty

t
+/ (Z8os N T AW, t € [t trra].

ty
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The discrete optimization problem

e Define a finer time partition t, =150 <tp1 < -+ <tp N = tpt1

e Approximate (X¢, Yt)ie[1, 1, ,]) With Euler-Maruyama (Xn, V)N,

e Approximate u(ty, z) ~ w(z) and Vu(ty n,x) < vn(z), n=0,...,N —1
. 2
min EHJ)N“‘ —Ek(XN,OLk)’ ]

wEC(Rdxkd'Xk:]R>
(“n)f:]:_lEC(Rdedlxk;Rd)N
Yo't = w(Xo, 01:x),
forn=0,...,N —1
Zo1E = (X)) T on (X, 01:1),
Xn + (X)) (tk,nt1 — thn) + 0 (Xn) Wy, 0y — Wey, L),

yZl’i — ;lzk _ f(meZLk’Zghk)(tk’nﬂ _ tk,n) 4 (231;19)T(Wtkm+1 _ Wtk,n,)'

Xn+1

Let ﬁ]kv(x, 01:1) = w*(x,01:5—1)p(Ok = o | St;, = =) define our deep BSDE filter
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Deep BSDE - (Simplified) Schematic

3 " B S
—— i

0 E

{ N } { Vs } {yr\q} { v ]—'[]EH!/(XN)*J;A"'Z]]
——> Euler-Maruyama step ~ -----> Learnable ~ ----- > Sampling
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deep BSDE filter

p(O1]) POk | -)
o Deep | Wo KX\ D1 | Deep | wi o wj, KX P | Deep | Wk

‘ BSDE| \J BSDE| | NGV BSDE|
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Numerical convergence




e p - true filter solution
e (X,),2) - deep BSDE approximation
e D - filter approximation

Under sufficient conditions there exists a constant C' such that, for

allk=1,....K
. K—1 1
= = = i,z j,x|2]|2
Hpk(tk) _pIJnYHLoo(O;Loo<Rd;R)) < C(N 2 + Z sup Supd]E’Ugg(XI]\f 701:j) _yJJV :| )
=0 0€0 zeR
Define

er(N) = [Pk () = B || oo 0,150 vz

K—1 1
E(N) =) _ sup sup E[}?j(va’“ﬁl:j) -y 2] ’
=0 0€0 zcRrd
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Numerical convergence orders

Ornstein—Uhlenbeck Bistable
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Comparison to particle filters




Let 1 and p denote the true mean and density, 1z and D a generic approximation

First Moment Error

() _ 0m) _
FME_MZHM i H fork=1,..., K.

Forward averaged Kullback-Leibler Divergence

pgln) (m(nm)

M N
1
NmZ:ng )(x(nm)) 0 & Wiy o WU ’ )
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10-dimensional Ornstein—Uhlenbeck

Linear equation with analytical solution given by the Kalman filter

FME over time KLD over time
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100-dimensional Ornstein—Uhlenbeck

Linear equation with analytical solution given by the Kalman filter

FME over time

l’(‘\
r,l\“‘l\
N
S K
NN
n ‘I\
ST
Sme i
s Don.
'\_-_—.
T T
0.5 1
123

KLD over time

400 —
l“l_.*‘\ \.\‘l-,.__.

300 T
200 RN

100
0 — * =t
0 0.5 1
172

R 105 R 106 e 7T(5) e 71_(10) e 7.1.(20)

Particle Filters (#particles)

Revisiting nonlinear filtering through deep BSDE methods

Deep BSDE (NN)

K. Bigmark 24/26




Bistable process

Nonlinear equation with a particle filter as reference solution

FME over time KLD over time
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Goal: Solve the filtering problem without the curse of dimensionality

1. PDE formulation - the Fokker—Planck equation with updates
2. Reformulate as a BSDE

3. Euler—-Maruyama and neural network approximation

Obtained objectives:

Low-dimensional | High-dimensional
. Particle Filter v/ Particle Filter X E E
Linear
Proposed v Proposed v/
Nonlinear Particle Filter v/ Particle Filter X E A
Proposed v/ Proposed (?)
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