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State and observation
The filtering problem
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• What is S if we know O?

• Goal: Find the density ptk

Nonlinear dynamics: Particle filters (PF) → O(nd), St ↑ R
d

• Rephrased Goal: Find pt without the curse of dimensionality
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PDE formulation
Density equations:

• Unconditional: The (unconditional) density ωt = p(St), solves

the Fokker–Planck equation (PDE)

ωt = ω0 +

∫
t

0
A

→
ωs ds, t → (0, T ]

• Filtering (conditional): The (unnormalized) filtering density

ptk ↑ p(Stk | O1:k) satisfies

(Prior) p0 = p(S0)

(Prediction) pt = gk +

∫
t

t
+
k

A
→
ps ds, t → (tk, tk+1]

(Update) gk =





p(Ok | Stk)p

t
→
k
, k ↓ 1,

p0, k = 0.
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BSDE formulation
Backward SDE formulation

We fix k → {0, . . . , K} and assume there exists a solution (X, Y, Z) on

t → [tk, tk+1]

Xt = Xtk +

∫ t

tk

µ(Xs) ds +

∫ t

tk

ω(Xs) dWs,

Yt = gk(Xtk+1 , o1:k) +

∫ tk+1

t

f(Xs, Ys, Zs) ds ↑
∫ tk+1

t

Zs dWs,

(1)

where f is defined, for ε → C2(Rd; R)

(A→ε)(x) ↑ (Aε)(x) = f(x, ε(x), ↓ε(x)ω(x)), x → R
d.

Then we have

pk(t, Xk
tk+1+tk↑t, o1:k) = Ytk+1+tk↑t

↓pk(t, Xtk+1+tk↑t, o1:k)ω(Xtk+1+tk↑t) = Ztk+1+tk↑t

and hence

pk(tk+1, x, o1:k) = E
[
Ytk | Xtk = x

]
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Deep BSDE method

Deep BSDE - (Simplified) Schematic
t0 t1 t2 · · · tn→1 tn

p0 !Wt1 !Wt2 · · · !WtN→1 !WtN

X0 X1 X2 · · · XN→1 XN

Z0 Z1 Z2 · · · ZN→1

Y0 Y1 Y2 · · · YN→1 YN

g(XN )

E
[∣∣g(XN ) → YN

∣∣2]

v0 v1 v2 vn→1

w

Deterministic Learnable Sampling
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Convergence

Numerical convergence orders

Strong error at final time T = tK :

e(N) =
∥∥pK(tK) → ω

N

K

∥∥
L2(!;L2(Rd;R))

↑ CN
→ω
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20

N

Bistable

e(N) O(N→1/2)
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Results
10-dimensional Ornstein–Uhlenbeck

Linear equation with analytical solution given by the Kalman filter
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Introduction



The filtering problem
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• Goal: Find the density ptk

P(Stk → B | O1:k) =

∫

B

ptk(x | O1:k) dx

Nonlinear dynamics: Particle filters (PF) ↑ O(nd), St → R
d

• Rephrased Goal: Find pt without the curse of dimensionality
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Contributed method

• Learns the map O1:k ↓ p(Sk | O1:k)

• Assumes known SDE coe!cients and measurement model

• PDE based method, scalable in dimension of S

• No spatial discretization required

• Numerically stable for toy example in 100 dimensions

• Convergence

• Strong convergence in the probabilistic representation

• Convergence order empirically verified
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Setting



The filtering problem

Goal: find p(St | O0:s)

• Prediction: s < t

• Filtering: s = t

• Smoothing: s > t

time

s

s

s

t

Observed
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Continuous state

S solves the Stochastic Di”erential Equation (SDE)

St = S0 +

∫
t

0
µ(Ss) ds +

∫
t

0
ω(Ss) dBs, t → [0, T ].

Infinitesimal generator A

Aε =
1

2

d∑

i,j=1

aij

ϑ
2
ε

ϑxiϑxj

+
d∑

i=1

µi

ϑε

ϑxi

where a := ωω
→
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Example: Ornstein–Uhlenbeck process (linear SDE)

St = S0 ↔
∫

t

0
(Ss ↔ 10) ds + Bt, t → [0, T ],

S0 ↑ p0 = N (0, 1)
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State (St)t→[0,T ]

8 10 12
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0.6

Distribution p(ST )
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Example: Bistable process (nonlinear SDE)

St = S0 +

∫
t

0
(5Ss ↔ S

3
s ) ds + Bt, t → [0, T ],

S0 ↑ p0 = N (0, 1)

0 1 2 3 4 5 6 7 8 9 10

↔2

0

2

State (St)t→[0,T ]

↔2 0 2

0
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0.4
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0.8

Distribution p(ST )
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Discrete observations

• Measurement model:

Ok = h(Stk) + Uk, k = 1, . . . , K,

where h : R
d ↓ R

d
↑
and Uk ↑ N (0, Rk).

• Goal: Find p(Stk | O1:k) for k = 1, . . . , K.
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Classical methods



Linear and Gaussian case

Exact solutions:

• Prediction and filtering:

The Kalman filter (Kalman–Bucy 1960)

• Smoothing:

Rauch–Tung–Striebel smoother (1965)
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Nonlinear case

Approximations:

• Approximative Kalman filter (Extended, Unscented, Ensemble)

• Particle filters (sequential Monte Carlo)
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PDE formulation



Density equations:

• Unconditional: The (unconditional) density ϖt = p(St), solves

the Fokker–Planck equation (PDE)

ϖt = ϖ0 +

∫
t

0
A

↑
ϖs ds, t → (0, T ]

• Filtering (conditional): The (unnormalized) filtering density

ptk ↗ p(Stk | O1:k) satisfies

(Prior) p0 = p(S0)

(Prediction) pt = gk +

∫
t

t
+
k

A
↑
ps ds, t → (tk, tk+1]

(Update) gk =





p(Ok | Stk)p

t
↓
k
, k ↘ 1,

p0, k = 0.
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BSDE approach - brief outline



Backward SDE formulation

Define f , for ω → C2(Rd; R), by

(A↔ω)(x) ↑ (Aω)(x) = f(x, ω(x), ε(x)↗↓ω(x)), x → R
d.

We fix k → {0, . . . , K} and assume there exists a solution (X, Y, Z) on

t → [tk, tk+1]

Xt = Xtk +

∫ t

tk

µ(Xs) ds +

∫ t

tk

ε(Xs) dWs,

Yt = gk(Xtk+1 , o1:k) +

∫ tk+1

t

f(Xs, Ys, Zs) ds ↑
∫ tk+1

t

Z↗
s dWs.

(1)

Then we have

pk(t, Xk
tk+1+tk↓t, o1:k) = Ytk+1+tk↓t (2)

ε(Xtk+1+tk↓t)
↗↓pk(t, Xtk+1+tk↓t, o1:k) = Ztk+1+tk↓t (3)

and hence

pk(tk+1, x, o1:k) = E
[
Ytk | Xtk = x

]
(4)
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Continuous optimization formulation

The solution p is the solution to the following minimization problem

min
u→C([tk,tk+1]↘Rd↘Rd→↑k;R)

E

[∣∣∣Y (u,o1:k)
tk+1

↑ gk(Xtk+1 , o1:k)
∣∣∣
2]

Y (u,o1:k)
t = u(t, Xt, o1:k), Z(u,o1:k)

t = ε(Xt)
↗↓u(t, Xt, o1:k)

Xt = Xtk +

∫ t

tk

µ(Xs) ds +

∫ t

tk

ε(Xs) dWs, t → [tk, tk+1],

Y (u,o1:k)
t = Y (u,o1:k)

tk
↑

∫ t

tk

f(Xs, Y
(u,o1:k)

s , Z(u,o1:k)
s ) ds

+

∫ t

tk

(Z(u,o1:k)
s )↗ dWs, t → [tk, tk+1].

Revisiting nonlinear filtering through deep BSDE methods K. Bågmark 15/26



The discrete optimization problem

• Define a finer time partition tk = tk,0 < tk,1 < · · · < tk,N = tk+1

• Approximate (Xt, Yt)t→[tk,tk+1] with Euler–Maruyama (Xn, Yn)N
n=0

• Approximate u(tk, x) ↓ w(x) and ↔u(tk,n, x) ↓ vn(x), n = 0, . . . , N ↗ 1

min
w→C(Rd↘R

d→↑k;R)

(vn)N↓1
n=0 →C(Rd↘R

d→↑k;Rd)N

E

[∣∣∣Yo1:k
N ↗ gk(XN , o1:k)

∣∣∣
2]

Yo1:k
0 = w(X0, o1:k),

for n = 0, . . . , N ↗ 1

Zo1:k
n = ω(Xn)↗

vn(Xn, o1:k),

Xn+1 = Xn + µ(Xn)(tk,n+1 ↗ tk,n) + ω(Xn)(Wtk,n+1 ↗ Wtk,n ),

Yo1:k
n+1 = Yo1:k

n ↗ f
(
Xn, Yo1:k

n , Zo1:k
n

)
(tk,n+1 ↗ tk,n) + (Zo1:k

n )↗(Wtk,n+1 ↗ Wtk,n ).

Let p̂
N
k (x, o1:k) = w

↔(x, o1:k↓1)p(Ok = ok | Stk = x) define our deep BSDE filter

Revisiting nonlinear filtering through deep BSDE methods K. Bågmark 16/26



Deep BSDE - (Simplified) Schematic
t0 t1 t2 · · · tN→1 tN

p0 !Wt1 !Wt2 · · · !WtN↓1 !WtN

X0 X1 X2 · · · XN→1 XN

Z0 Z1 Z2 · · · ZN→1

Y0 Y1 Y2 · · · YN→1 YN

g(XN )

E
[∣∣g(XN ) ↔ YN

∣∣2]

v0 v1 v2 vn↓1

w

Euler–Maruyama step Learnable Sampling
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deep BSDE filter

p0
Deep

BSDE

p(O1 | · )

≃ Deep

BSDE

. . .

p(Ok | · )

≃ Deep

BSDE

Training 0 Training 1 Training k

w
↑
0 p̂1 w

↑
1 w

↑
k p̂k

w
↑
k

tk,0 tk,1 tk,N↔1 tk,N

YO1:k
0 = w

⇐
k
(X k

0 , O1:k) YO1:k
N

⇒ p̂k(X k

N
, O1:k)
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Numerical convergence



Error bound

• p - true filter solution

• (X , Y, Z) - deep BSDE approximation

• p̂ - filter approximation

Under su!cient conditions there exists a constant C such that, for

all k = 1, . . . , K

∥∥pk(tk) ↑ p̂N
k

∥∥
L↔(O;L↔(Rd;R))

↔ C

(
N↓ 1

2 +
K↓1∑

j=0

sup
o→O

sup
x→Rd

E

[∣∣gj(X
j,x
N , o1:j) ↑ Yj,x

N

∣∣2
] 1

2

)

Define

ek(N) =
∥∥pk(tk) ↑ p̂N

k

∥∥
L↔(O;L↔(Rd;R))

E(N) =
K↓1∑

j=0

sup
o→O

sup
x→Rd

E

[∣∣gj(X
j,x
N , o1:j) ↑ Yj,x

N

∣∣2
] 1

2
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Numerical convergence

Strong error ek(N) =
∥∥pk(tk) ↔ p̂

N

k

∥∥
L≃(O;L≃(Rd;R))

for k = 1, . . . , 10

0 0.5 1
0

0.05

0.1

0.15

tk

Ornstein–Uhlenbeck

0 0.5 1
0

0.2

0.4

0.6

tk

Bistable

1 2 4 8 16 32 64 Observation timeN =
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Numerical convergence orders

2↗6

2↗4

2↗2

Ornstein–Uhlenbeck

2↗4

2↗2

20

Bistable

20 22 24 26

2↗2

20

N

20 22 24 26

2↗2

2↗1

20

21

N

eK(N)
E(N)

O(N↗ 1
2 )
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Comparison to particle filters



Metrics

Let µ and p denote the true mean and density, µ̂ and p̂ a generic approximation

First Moment Error

FME =
1
M

M∑

m=1

∥∥∥µ(m)
k ↑ µ̂(m)

k

∥∥∥ , for k = 1, . . . , K.

Forward averaged Kullback–Leibler Divergence

KLD =
1

MN

M∑

m=1

N∑

n=1

log




p(m)

tk

(
x(n,m)

)

p̂(m)
k (x(n,m))



 , x(n,m) ↗ p(m)
tk

, for k = 1, . . . , K
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10-dimensional Ornstein–Uhlenbeck

Linear equation with analytical solution given by the Kalman filter
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100-dimensional Ornstein–Uhlenbeck

Linear equation with analytical solution given by the Kalman filter
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Bistable process

Nonlinear equation with a particle filter as reference solution
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Summary

Goal: Solve the filtering problem without the curse of dimensionality

1. PDE formulation - the Fokker–Planck equation with updates

2. Reformulate as a BSDE

3. Euler–Maruyama and neural network approximation

Obtained objectives:

Low-dimensional High-dimensional

Linear
Particle Filter ↭ Particle Filter

Proposed ↭ Proposed ↭

Nonlinear
Particle Filter ↭ Particle Filter

Proposed ↭ Proposed (?)
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