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State-space model

Quantity of interest
t t
S = So +/ b(S,) du +/ o(Su) dBu,
0 0

O = h(Stk,) + V.

]P)(Stk | Ol:k’)
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Fast Bayesian filtering with deep density models

S

N

Statistical target
Nonlinear, partially observed SDEs, with
the goal of approximating p(S, | O1.x)

-

Update
Incorporate new data through Bayes' rule
when observations arrive

J

7

N

Prediction
Approximate the density evolution between
observations using deep learning

-

&

Log-density formulation
Reformulate on the log-scale, improving
stability and is positivity-preserving

Numerically outperforms classical filters on a high-dimensional Lorenz—96 example
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SDE Fokker—Planck Equation

t t t
Sy = S0+ / w(Sy)dr + / o(Sy)dB, p(t) = po + / A*p(s)ds
0 0 0
Generator Adjoint
d d d
1 0%¢ 0P 8
Ap =5 4 i A*p = i A M
i 22_:1 7 0 ;“ i ;18 (a179) ga ot
Sample trajectories Density evolution
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Prediction: P(S;, | O1)
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Filtering: P(S;, | O1.2)

S0 ——{5.) (5 s s ({50

t1 t3 —

O3 Ok—1 Ok
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Smoothing: P(S;, | O1.x)
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[ Target pr(t,x,01:1) = p(St = x| O1:k = 01:1) }

(Prior)  po(0,z) = p(So = x)

t
(Prediction)  pi(t,z,01:x) = pr(te, T, 01:) +/ A'pr(s,z,01:6)ds, ¢ € [th,trt1]

tr

Pr(tky1, @, 01:1) L(0k 11, T)
Update k+1(tk41, T, 01 =
( p ) Prt1(terr, 1 (k+1)) fRd plc(tk+17z,01:k)L(0k+1,Z) Az

Prediction Prediction
to — t1 t1 — t2
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[ Target pr(t, z,01.x) :=p(St =z | O1.x = 01.1) j

(Prior) po(0,2) = p(So = z)
t
(Prediction) py(t, =, 01.5) = pi(tk, T, 01:1) +/ A'pr(s,z,01:6)ds, t € [ti, tug1]
ty

Pr(trr1, T, 01:)L(0kt1, )
Update k tht1,T,07. =
( P ) p +1( +1 1 (k+1)) fRd pk(tk+1,Z, Ol:k)L(Ok+17Z) clz

»
==

> 1
0 t ty t3 ty ts
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Deep Backward SDE approach



From Fokker—Planck to Backward Stochastic Differential Equation (BSDE)

Vs

Continuous-discrete filtering problem

(Prior) po(0,2) = p(So = z)

t
(Prediction) pk(t,x,olzk) = pk(tk,x, Ol:k) + / A*pk(s, Z,Olzk) ds, te€ [tk7tk+1]

tk
Pk (tkt1, T, 01:6) L(0g 41, )

(Update) piyi1(tet1, 2, 01:64+1) = T

e Pk (tk+1, 2, 01:5) L0k 41, 2) dz

~
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From Fokker—Planck to Backward Stochastic Differential Equation (BSDE)

4 N

Focus on the prediction step

(Prediction) p(¢,x) / A*p(s, z) tel0,T]

Quantity of interest: p(T,x)
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From Fokker—Planck to Backward Stochastic Differential Equation (BSDE)

4 N

Focus on the prediction step

(Prediction) p(t,z) = po(x) —I—/O [Ap(s,x) + f(m,p(s,a:),Vp(s,m))} ds, t€]0,T]

Quantity of interest: p(T,x)
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From Fokker—Planck to Backward Stochastic Differential Equation (BSDE)

Prediction step

p(t,x) = po(x) + /0.’ A"p(s,z)ds, t€[0,7]

Nonlinear Feynman—Kac representation

Identification BSDE representation
p(T_tyxt):}/ty T
Vp(T —t,Xy) = Zy \ Yi :po(XT)+/ f(XS7YS7ZS) ds
., t
along the forward diffusion X 7/ Zlo(X,)dWs, t € [0,T]
t

The density value is represented by the backward process Y
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From Fokker—Planck to Backward Stochastic Differential Equation (BSDE)
Prediction step . BSDE representation
p(t,x) = po(x) + / A"p(s,z)ds,

t €0, 7] p(T—t,X:)=Y:, Vp(T —1t,X;) =2,
J O

T T
Y, = po(Xr) + / fsds — / Z] o5 dW,
Jt

Jt

Shooting formulation

Match terminal condition SUbJeCt to the dynam'cs

t
u(t, X¢) = u(0, Xo) —/ f(XS,u(s,Xs),Vu(s,Xs)) ds
min E [[u(T, X7) = po(X7)|’] 0
uweC([0,T] xR4;R)

t
+/ Vu(s, X.) o(X,) dW,
0

[ Quantity of interest: p(T,z) = u" (0, x) J
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Shooting formulation

Subject to the dynamics
Match terminal condition

t
u(t, X¢) = u(0, Xo) — / f(X,5-7u(5,X5)7 VU(S,XS)) ds
. —_—
min E [|u(T7 X7) — p()(XT)|2] 0
u€C ([0,T]x R4;R)

t
+/ Vu(s, Xs) T o(Xs) dWs
J0

[ Quantity of interest: p(T,z) = u* (0, z) ]

>
-

e I

=0
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Shooting formulation
Match terminal condition

min E [|u(T7 XT) —p()(XT)|2]
u€C ([0,T]x R4;R)

B ——

[ Quantity of interest: p(T,z) = u* (0, z)

)

Subject to the dynemics
u(t, X¢) = u(0, Xo) — / f(X,5-7u(5,X5)7 VU(S,XS)) ds
0

t
+/ Vu(s, Xs) T o(Xs) dWs
J0

>
e

=0
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Shooting formulation
Match terminal condition

min E [|u(T7 XT) —p()(XT)|2]
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B ——
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)
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Shooting formulation
Match terminal condition

min E [|u(T7 XT) —p()(XT)|2]
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B ——
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e
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Shooting formulation
Match terminal condition

min E [|u(T7 XT) —p()(XT)|2]
u€C ([0,T]x R4;R)

B ——

[ Quantity of interest: p(T,z) = u* (0, z)

)

Subject to the dynemics
u(t, X¢) = u(0, Xo) — / f(X,5-7u(5,X5)7 VU(S,XS)) ds
0

t
+/ Vu(s, Xs) T o(Xs) dWs
J0

>
e

=0
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hooting fi lati
Shiootinggionmulation Subject to the dynamics

. . }
Match terminal condition w(t, X2) = u(0, Xo) _/ F(Xouls, Xo), Vu(s, X.)) ds
0

E[Ju(T, Xr) —po(X0)?]

min
ueC([0,T]xR%;R) t T
+/ Vu(s, Xs) To(Xs) dWs
0

Quantity of interest: p(T,z) = u* (0, z) J

Y

t=20 t=T
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Deep splitting approach




Splitting the filtering equation

Two split evolutions

First order part Second order part
t t
pt(l) =po + / f(ps(l)7 Vps(l)) ds = \Iﬂ}p() pt(z) = Do + / Aps(2) ds = \I/on
0 0
T X
A A
t=0 t=T t=0 t=T
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Splitting the filtering equation

Two split evoLutions

First order p3

pt(l) =Dpo+
T
A

t=20

&

Composed evolution

P, = (UG 0 WF) po, At =

=21

T
A

t=0 t="T

= ‘I’tAPo

t=T
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Deep splitting approximation

Compose Forward Euler, Feynman—Kac, and Euler—Maruyama

Forward Euler Feynman—Kac Euler—Maruyama

AD =8 ) G 72 @) =E[p® (x,

nt1 = Pin Prpyr Xtngs) | Xt = 2] Xyg1 = Xn + b(Xn)T + 0(Xn) AW,

Composed one-step update
7o(x) = po(x)
ﬁ7L+1(I) =E {fn(-)(n—i-l) + Tf(Xn—&-laﬁn(Xn-I—l)a VFTL(XH-'Fl)) ’ Xy = I}, n=0,....,.N—1

Minimization problem

2
ueg&g;ﬂk) EH n(Xn+1)+7—f( n+177rn( n+1) Vﬂ—n( n+1)) _U(Xn) :|
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Deep splitting approximation

Compose Forward Euler, Feynman—Kac, and Euler—Maruyama

Forward Euler Feynman—Kac Euler—Maruyama

AD =8 ) G 72 @) =E[p® (x,

nt1 = Pin Prpyr Xtngs) | Xt = 2] Xyg1 = Xn + b(Xn)T + 0(Xn) AW,

Composed one-step update
7o(x) = po(x)
ﬁ7L+1(I) =E {fn(-)(n—i-l) + Tf(Xn—&-laﬁn(Xn-I—l)a VFTL(XH-'Fl)) ’ Xy = I}, n=0,....,.N—1

Minimization problem

2
ueN%d;R)E[ Fu(Xnt1) + 7 (X1, B X ), Viin (K1) — ()| |
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Log-density formulation




Log-density formulation

4 N\

From density to log-density
(Prior) po(0,2) = p(So = x)
(Prediction) pi(t,z, 01:x) = pr(te, x, 01:1)

t
+ / (Apk:(sy x, Ol:k) < f($7pk(571:7 Ol:k:)7 vpk(&% Ol:k))) ds

ty

t e [tk, tk+1]

P (tet1, %, 01:5) L(0k41, )

(Update) pry1(tesi, @, 01:(k+1)) =
/pk(tk+1yz701:k)L(0k+172)dZ
Rd

Define the log-density
v (t,x,01:1) = — log pr(t, z, 01:1),

pr(t,x,01:.6) = exp ( —vi(t, x, ol;k)).

- J
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Log-density formulation

p
From density to log-density
(Prior)
(Prediction)

v0(0, ) = —log p(So = z)

vk (t, z,01:%) = vi(tr, T, 01:%)

ty

t e [tk,tk+1]
(Update)  vjt1(tit1, T, 01:(k+1)) = Vk(trt1, T, 01k) — log (L(0k+1, 7))

+ log (/ exp ( — vg(tht1, 2, ol;k))L(okH, z) dz>
R4

1
Srog(z,u,w) = —§||O'(32)T’LU||2 — f(z, 1, —w), zeRY weR,

-

w e R%.

t
= / (AUk(S,l‘,Ol;k) P flog (1:71)16(37 €T, Ol:k)7 V’Uk;(87 €T, Ol:k))) ds

J
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Numerical experiments




Accuracy Dimension Speed

Do the methods What happens as How expensive
give accurate estimates? the dimension increases? is inference?
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Linear spring—mass 10-dimensional

O 8 .‘ ............. ! Y SR A O
8 ur

- —e— BSDE
N A 0.6 itti
. o —=— Splitting
5 - 2 o4 - +- EnKF 10°

_— —a-z-mzoozistyl
0% | = 0
| \ | ‘
02 04 06 08 1

02 04 06 08 1 Classical
t t

™oy ™ oy

Fast Bayesian Filtering w. Deep Density Models K. Bagmark 11/17




Linear spring—mass 100-dimensional

rMAE
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20%-
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Lorenz—96 model

. . t . . . t .
50 = 5 +/O (84 — §U=2)5 (i — 1) — SO + F] dr—i—/o cdWW, i=1,....d

Deterministic trajectory (o = 0) Stochastic sample paths (o = /)
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Lorenz—96 (Nonlinear system)

Vs

1,000

100

—
o

—_

MAE NLL

100+

10 [ [ [ [
A 10 20 40 100 4 10 20 40 100

[—.- BSDEIo— EnKF 10° - «- PF 106]——— O(d'?) ——0(d)
Our Classical
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Computational inference time

Estimation Time

100 _-7
Bt S0
P 107 ,/
Z e 7
OEJ 1+ e S $o
i: _ ¢ ...... :—,
0.1 == T e

1 2 4 10 20 40 100
d

Density Calc. Time

1,000 —3
——4’
_—""-==.____—
100
o PTE
j|Jltecons ) S IPPTETEY, i
0.14—s -~

[—e— BSDE (I-EKF)----- EnKF 10" - #- EnKF 10°-----PF 10" - - PF 106]
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Trade-off including training time

Bistable (one-dimensional)

1077 ,/"
/,‘
; ®*--_-——-@- -———@-
10* .
/”’
A”

T T T T T
1 10 102 10° 10* 10°
Processed observations

Lorenz-96 (100D)

>

™)

(4
td

o—o—%——o—o

T T T T T
10 102 10® 10* 10°
Processed observations

[—o— BSDE - m- splittingI - EnKF 10° - 4- PF 10° ]

Our

Classical
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Conclusion

Derived simulation-based learning approaches for state estimation

Proved and numerically verified convergence

The log-formulation allows for high-dimensional density targets

Numerically, the BSDE approach outperforms the splitting approach

The BSDE approach was successful for high-dimensional and nonlinear problems,
with favorable computational time compared to classical methods
Outlook: See the paper

e Parameter inference, introduce a probability measure

over a set © of parameters modelling p, o, h, po

e Explore other architectures
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