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Act One - The Problem
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From Fokker—Planck to Backward Stochastic Differential Equation (BSDE)
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(Prior) po(0,2) = p(So = x)
(Prediction) pi(t,z, 01:x) = pr(te, x, 01:1)

t
+ / (Apk:(sy x, Ol:k) < f($7pk(571:7 Ol:k:)7 vpk(57x7 Ol:k))) ds
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P (tet1, %, 01:5) L(0k41, )

(Update) pri1(teri, , 01:(kt1)) =
/pk(tk+1yz701:k)L(0k+172)dZ
Rd

Define the log-density
v (t,x,01:1) = — log pr(t, z, 01:1),

pi(t, @, 01.%) = exp ( — v (t, 2, 01:1)).
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Log-density formulation

Ve

From density to log-density
(Prior) v9(0,z) = —logp(So = )
(Prediction) v (t, x,01:x) = Vr(tr, x, 01:k)

t
= / (AUk(S,l‘,Ol;k) P flog (1:71)16(37 €T, Ol:k)7 V’Uk;(87 €T, Ol:k))) ds
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t e [tk, tk+1]

P (tet1, %, 01:5) L(0k41, )

(Update) pri1(teri, ,01:(k41)) =
/pk(tk+1yz701:k)L(0k+172)dZ
Rd

1
Srog(z,u,w) = —§||O'(32)T’LU||2 — f(z, 1, —w), zeR? weR, weRL
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Log-density formulation

Ve

From density to log-density
(Prior) v9(0,2) = —logp(So = )

(Prediction) v (t, x,01:x) = Vr(tr, x, 01:k)

t
= / (AUk(S,l‘,Ol;k) P flog (1:71)16(37 €T, Ol:k)7 V’Uk;(87 €T, Ol:k))) ds
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t € [tk trt]
(Update)  vjt1(tit1, T, 01:(k+1)) = Vk(trt1, T, 01k) — log (L(0k+1, 7))

+ log (/d exp ( — vk (trt1, 2,01:%)) L(0k41, 2) dZ>
R

1
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Accuracy

Do the methods
give accurate estimates?

Dimension

What happens as
the dimension increases?

Speed

How expensive
is inference?
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Linear spring—mass 100-dimensional
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Lorenz—96 (Nonlinear system)
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Computational inference time

Time (s)

Estimation Time

100+
10+

0.1+

0.01}+

!
--0-_-"
d -
P
Ve
pra
L e e = === = - 7
’I
4” ]
T | deeee SO
JPC A I R PP 4
AT o

4 10 20 40
d

100

Density Calc. Time

1,000 —
——4—
Y L I T A
100
o PTE
g I 1 LEET ) S IPPTLTEY, i
0.14—s Ju
1 2 4 10 20 40 100
d

- EnKF 10" - #- EnKF 10° -4~ PF 10" - «- PF 106]

Our

Classical

16



Trade-off including training time
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Act One — The Problem
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Act Two — The Split
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Conclusion

Derived simulation-based learning approaches for state estimation
Proved and numerically verified convergence

The log-formulation allows for high-dimensional density targets

Numerically, the BSDE approach outperforms the splitting approach

The BSDE approach was successful for high-dimensional and nonlinear
problems, with favorable computational time compared to classical methods
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